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H I G H L I G H T S  
• A two-stage sodium thermal electrochemical converter is updated. 
• Main irreversible losses are considered and the coupling of two stages is optimized. 
• The maximum efficiency and power output density increase 17.5% and 40.6%. 
• The optimum selection criteria of main parameters are supplied. 
• The optimum energetic space is given by the Pareto front.  
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A B S T R A C T   
An asymmetric two-stage sodium thermal electrochemical converter and its optimum performance are studied by 
means of an improved analytical model including the main losses in the overall system. Based on the study of a 
single-stage sodium thermal electrochemical converter, the inner process is divided into two stages including one 
at the 1300 K temperature (evaporator) and the other at the 800–1300 K intermediate temperature with the aim 
of improving efficiency. The parametric optimum selection criteria of a few main parameters of the two-stage 
device are provided and the coupling of the separate stages in an overall optimum system in terms of the 
appropriate intermediate temperature is particularly stressed. The maximum efficiency of the proposed overall 
system can attain 36.2%, which is 17.5% higher than that of the best performing single-stage device, and increase 
up to 34.1% and 24.8% over the existing two-stage devices designed by two research groups, respectively. The 
Pareto front obtained from numerical multiobjective and multiparametric methods endorses previous findings 
and visually presents the space of the states and the energetic properties of the overall arrangement compared 
with the corresponding data for the isolated first and second stages.   
1. Introduction 
A sodium thermal electrochemical converter (Na-TEC), which is one 
promising thermally regenerative electrochemical system, converts 
directly heat into electricity by the isothermal expansion of sodium ions 
through a β′′-alumina solid-electrolyte (BASE) allowing for Na+ ion 
transport in a wide temperature range [1,2]. The emerging Na-TEC [also 
named as the alkali metal thermal electric converter (AMTEC)] can be 
traced back to the 1960s, and the technology, primarily for the NASA 
Pluto/Express spacecraft mission [3], attracted extensive attention in 
the 1990–2000s for space applications. Some seminal studies on Na-TEC 
systems have been reported. For example, Weber [4] presented a theo-
retical analysis and described the construction of a model beta-alumina 
thermoelectric generator. Cole [2] studied the thermodynamic oper-
ating principles and gave some crucial expressions including 
current-voltage relation and efficiency. Williams et al. investigated the 
kinetics and transport at electrodes including the interfacial impedance 
model [5] and the dependence of the interfacial impedance of Na 
(g)/porous Mo/Na-Beta-double prime alumina on temperature [6]. It is 
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well known [7] that the efficiency of the most advanced heat engines 
can reach about 40% currently. Heat is directly converted to work in the 
isothermal ion expansion process in the Na-TEC, which can be modelled 
as a heat engine. In comparison, the ideal efficiency of the Na-TEC can 
be achieved approximately 92–95% of the efficiency of the Carnot heat 
engine operating the temperatures between 450 and 1300 K [8]. How-
ever, the practical efficiency of Na-TECs can only reach 20% for the 
systems at the high-temperature region of 1050–1150 K and 
low-temperature region of 550–625 K [9]. 
Some key technical challenges such as the degradation of the con-
stituent materials [10], the high temperature sealing, and the electrolyte 
stability [11], has resulted in actual efficiency falling far short of the 
ideal efficiency. Many researchers carried out experimental and theo-
retical investigations to improve the efficiency and power output with 
significant results. For example, Nakata et al. [12] prepared TiN, TiC, 
TiC/TiN, and Mo electrodes for a Na-TEC by ceramic processing and 
studied their cathodic polarization characteristics at 600–800 ◦C. Lodhi 
et al. [13] improved the efficiency of Na-TEC to 17.5% by changing 
some geometrical dimensions. Lodhi et al. [14] further dealt with the 
problem of power degradation in some detail and proposed some sug-
gested measures to diminish loss of power with time. Lodhi et al. also 
investigated temperature dependent of grain growth model for Na-TEC 
electrodes [15] and BASE performance in an AMTEC [16]. El Genk 
et al. [17] identified a number of design changes to improve the per-
formance of PX-series cells, such as increasing the BASE tube number 
and the BASE electrode length, developing corrugated BASE tubes, and 
using highly thermally conductive refractory metals (Ni or Mo) on the 
cell hot side. Peng et al. [18] discussed the dependence of the perfor-
mance of the AMTEC on the BASE thickness and obtained the maximum 
efficiency (MEF) and maximum power output density (MPOD), which 
are, respectively, 22.3% and 6.83 × 103 W/m2 at the evaporator tem-
perature of 1170 K. Some coupled systems have been proposed to 
improve the whole system performance by utilizing the AMTEC exhaust 
heat. For example, Wu et al. [19] displayed the mathematical model of 
the AMTEC-thermoelectric generator (TEG) integrated system and ob-
tained the efficiencies of 27.4% and 31.3% for the AMTEC and 
AMTEC/TEG, respectively. Peng et al. [20] further extended the 
AMTEC/TEG integrated system and found that MEF and MPOD could 
climb to 34.6% and 6.43 × 104 W/m2 with an increment of 9.15% and 
34.0% over that of the single AMTEC. Later on, a novel coupled system 
comprised of a Na-TEC and a Brayton heat engine was proposed by Peng 
et al. [21]. The MEF and MPOD of the system attain, respectively, 41.7% 
and 116 × 103 W/m2, which increase 44.8% and 158% compared with 
that of the AMTEC working alone. In recent years, some researchers 
devoted themselves to improve the performance of a Na-TEC from a 
novel perspective by increasing the number of stages of the Na-TEC. For 
example, Balagopal et al. [22] provided a multi-stage sodium heat en-
gine including at least two-stage and an electrical circuit operatively to 
convert thermal energy to electrical energy. Limia et al. [9] demon-
strated the first time that a two-stage Na-TEC can increase the efficiency 
of 8% over the best performing single-stage device, and they further 
presented a thermal design of an asymmetric two-stage Na-TEC and 
achieved a 29% MEF and a 125 W maximum power output (MPO) [23]. 
Herein, we further demonstrate that the two-stage Na-TEC viewed as 
a series of engines [24,25] is more efficiently than already existed most 
efficient single Na-TEC and the former can improve the MEF and POD by 
up to 17.5% and 40.6% over the latter. Moreover, the MEF of the 
two-stage Na-TEC can improve 34.1% and 24.8% than that of two-stage 
Na-TECs reported in Refs. [9,23], respectively. In particular, the goal of 
this paper is twofold: a) to improve the model of a two-stage Na-TEC, 
and b) to investigate the optimum performance on the basis of the key 
parameters in regards with design and main losses: the BASE thickness, 
the current density, and the intermediate temperature between the two 
stages. Goal a) mainly relies on of the assumption of two single AMTEC 
coupled according to constraints imposed by the continuity and energy 
conservation (i.e., without heat leaks to the environment) so that the 
second AMTEC device works with heat delivered by the first one. For 
both of them heat transfer by conduction and radiation, and pressure 
drops through the porous electrodes by appropriate geometrical factors 
are considered. The additional assumption of the intermediate temper-
ature for both stages rests on the work by Limia et al. [9] to minimize 
losses from overpotential and Ohmic contributions. As it will explained 
below, such an intermediate temperature could play a significant role in 
the performance regimes of the individual and collective behaviours. 
Goal b) focus in the analysis of the influence of some key parameters (as 
the extreme temperatures, current densities, cross sectional areas, and 
thickness BASEs) on the selected figures of merit: the power output 
density and thermal efficiency of the overall device. Thus, special 
attention is paid on the role of the intermediate temperature as it is 
found that only in a quite narrow interval of values the figures of merit 
achieve their corresponding maxima values. 
Goals a) and b) are, respectively, accomplished in sections 2 and 3, 
where the performance regimes of the MEF and MPOD are analysed in 
terms of the optimum ranges of several key parameters. Section 4 
Nomenclature 
A electrode area on BASE tube, m2 
B charge-exchange coefficient, A K1/2/(Pa m2) 
cP average molar specific heat, J/(mol K) 
D BASE thickness, m 
F Faraday constant, C/mol 
G pressure loss geometric factor 
J current density of single, A/m2 
L latent heat, J/g 
M molecular weight, g/mol 
P power output, W 
p POD, W/m2 
psat saturation vapor pressure, Pa 
R gas constant, J/(mol K) 
TC condenser temperature, K 
TH evaporator temperature, K 
Tin intermediate temperature, K 
T0 environment temperature, K 
Vac over potential difference, V 
VR ionic BASE voltage, V 
Z geometric factor 
Greek symbols 
η efficiency 
μ a coefficient, m2 
σ Stefan-Boltzmann constant, W/(m2 K4) 
Subscripts 
i (i = 1, 2) the i th stage max maximum 
Abbreviations 
AMTEC alkali metal thermoelectric converter 
BASE β′′-alumina solid electrolyte 
MEF maximum efficiency 
MPO maximum power output 
MPOD maximum power output density 
Na-TEC sodium thermal electrochemical converter 
POD power output density 
TEG thermoelectric generator  
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contains a closer analysis on the influence of the intermediate temper-
ature. Section 5 collects the main results obtained and a comparison 
with previous ones. Section 6 is committed to give a complementary 
perspective on configurations leading to the useful information of the 
optimal functions and parameters using a multiobjective and multi-
parametric optimization which is built on the Pareto front. Finally, 
Section 7 is devoted to conclusions and some perspectives of future 
works. 
2. The description of a two-stage Na-TEC 
The basic thermodynamic operating principles for a single Na-TEC 
were introduced [18]. The operating principles of a two-stage Na-TEC 
are similar to those of a single Na-TEC and its schematic diagram is 
shown in Fig. 1. qH is the heat flow from the heat source to the evapo-
rator plenum of the first stage Na-TEC at temperature TH. qC is the heat 
flow from the condenser plenum of the second stage Na-TEC at tem-
perature TC to the environment at temperature T0. Tin is the temperature 
of the intermediate temperature plenum. A1,2 corresponds to the 
first/second stage electrolyte area, D1,2 is the first/second stage elec-
trolyte thickness, and P1,2 is the power output of the first/second stage 
Na-TEC, respectively. P = P1 + P2 is the total power output of the 
two-stage Na-TEC device. 
In the first stage operation, liquid sodium is heated and vaporized in 
the high-temperature plenum. Sodium cations expand isothermally 
though the BASE from the high-temperature plenum into the interme-
diate plenum where the pressure is the vapor pressure at open circuit 
plus the pressure drop produced in the process of the recombination of 
electrons and ions and then flow through the porous electrode at the 
close circuit. The sodium vapor releases the heat qin and cools at con-
stant pressure, which is regenerated in full in the next stage Na-TEC. The 
sodium goes through the isothermal expansion process from the inter-
mediate plenum to the low temperature condenser plenum in which the 
sodium cools and condenses to discharge the waste heat, qC. 
2.1. The efficiency of the first stage Na-TEC 
The thermodynamic operation of the first stage Na-TEC is like that of 
a single Na-TEC. Thus, the first stage thermal first-law based efficiency, 
defined as the ratio of the total power output to total heat input, η1 is 
given by [18]  
where [14,26] 













































































Psat(T) = 109.678− 5383.2/T is the saturation vapor pressure at temper-
ature T[14], VR,1 is the first stage ionic BASE voltage, Vac,1 is the first 
stage over potential difference, G1 is the first stage pressure loss geo-
metric factor, B1 denotes the first stage charge-exchange coefficient, J1 
the first stage current density, L and M are the sodium vaporization 
latent heat and molecular weight, cP is the molar specific heat, z is the 
radiation reduction factor, F the Faraday constant, σ the 
Stefan-Boltzmann constant, μ is a coefficient, and R is the gas constant. 
The specific relational expression among TH, μ, D1, and Tin should satisfy 








. (2)  
2.2. The efficiency of the second stage Na-TEC 
As shown in Fig. 1, the heat qin from the first stage is fully utilized by 



















, (3)  
where in this case [14,26] 
VR,2 = J2D2[1.62 × 10− 5Tin exp( − 45.5 /Tin) + 1.55 ×
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Fig. 1. The schematic diagram of a two-stage Na-TEC.  
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⎦, VR,2 indicates the second stage ionic BASE 
voltage, Vac,2 is the second stage over potential difference, G2 means the 
second stage pressure loss geometric factor, J2 indicates the second stage 
current density, and B2 stands for the second stage charge-exchange 
coefficient. Similarly, some parameters including Tin, μ, D2, and TC 








. (4)  
2.3. The efficiency of the two-stage Na-TEC 
From Eqs. (1) and (3), the thermal efficiency, η, of the two-stage 
system can be expressed as 
η= P
qH
= η1 + η2(1 − η1), (5)  
where the power output of the whole device is, 
P=P1 +P2 = qH − J2A2ML
/

















ln[1+psat(Tin)μD2/(RTin)] − Vac,2 − VR,2
]
(6) 
The particular cases addressed in sections 2.1 and 2.2 can be 
recovered from the above equations with the appropriate selection of 
parameters (see Appendix A). 
3. The MEF and MPOD of the two-stage system 
Eqs. (5) and (6) indicate that both η and P of the two-stage system 
depend on several crucial parameters including TH, Tin, TC, J1, J2, A1, A2, 
D1, and D2 (some other parameters not involved in the optimization 
have been fixed to typical values for this analysis, see Table 1). The last 
four of them involve an optimization on the design since they are related 
to the BASE geometry. It is convenient to introduce the power output 
density (POD), i.e., p = P/A1, so that the area ratio A1/A2 may be taken 
as a parameter. TH can be fixed to the maximum attainable value, which 
is also listed in Table 1. The remainder can be considered as operation 
variables. Among these variables, besides the constraint conditions 
given by Eqs. (2) and (4), there also exist two constraint relations 
imposed by the current continuity and energy conservation as follows 
J1A1 = J2A2 (7)  
and   
According to the analyses above, there are only three independent 
variables for the two-stage Na-TEC shown in Fig. 1. For example, we can 
choose Tin, D2, and J1 as independent variables to optimize the perfor-
mance of the two-stage Na-TEC. When Tin is a given value, Eqs. (5) and 
(6) and the parameter values given in Table 1 can be used to generate the 
3D-graphs of the efficiency η and POD p varying with J1 and D2, as 
displayed in Fig. 2(a) and (b), respectively. It is observed from Fig. 2 that 
there exist the different optimal values of J1 and D2 to maximize η and p. 
When D2 is optimally chosen, the influences of J1 on both η and p are 
shown in Fig. 3(a), where ηmax,Tin and pmax,Tin are the local MEF and 
MPOD of the two-stage Na-TEC for a given Tin, pηmax,Tin and ηpmax ,Tin are the 
POD at the local MEF and the efficiency at the local MPOD, respectively, 
and J1,ηmax ,Tin and J1,pmax ,Tin are the optimal values of J1 at the local MEF 
and MPOD. Fig. 3(a) displays that there are a local MEF ηmax,Tin ≈ 36.2% 
increasing about 34.1% and 24.8% compared with that of the two-stage 
Na-TECs mentioned in Refs. [9,23], respectively, and a local MPOD 
pmax,Tin ≈ 40.6 × 103 W/m
2. The η̃p characteristic curve depicted in 
Fig. 3(b) shows more clearly the optimally operating region of the 
two-stage Na-TEC. In the ranges of p < pηmax ,Tin and η < ηpmax ,Tin , p in-
creases with the increase of η. Thus, the system should be operated in the 
ranges of 
ηpmax ,Tin ≤ η ≤ ηmax,Tin (9)  
and 
pηmax ,Tin ≤ p ≤ pmax,Tin . (10) 
The optimal range of J1 can be also determined by 
J1,ηmax ,Tin ≤ J1 ≤ J1,pmax ,Tin , (11)  
as it can be seen from Fig. 3(a). 
4. Effects of Tin 
In the above section, the intermediate temperature Tin was taken as a 
constant. However, this temperature plays a fundamental role in the 
overall performance of the two-stage Na-TEC. Below, we will analyse in 
detail the influences of Tin on the optimized regimes of the efficiency and 
Table 1 
Parameters used in the two-stage Na-TEC [2,9,27].  
TH(K) 1300 
B1(A ​ K1/2 /(Pa ​ m2)) 50 
B2(A ​ K1/2 /(Pa ​ m2)) 600 
F(C /mol) 96485 
cP(J /(g ​ K)) 1.285 
μ(m2) 107  
L(J /g) 4480 
M(g /mol) 23 
G1  10 
G2  10 
σ(W /(m2 ​ K4)) 5.67× 10− 8  
Z  50 

















(8)   
W. Peng et al.                                                                                                                                                                                                                                    
Journal of Power Sources 480 (2020) 229147
5
POD. 
Eqs. (5) and (6) can be further used to discuss the effects of Tin on 
both ηmax,Tin and pmax,Tin , as shown in Fig. 4, where J1 and D2 have been 
optimized, ηpmax and pηmax are the optimal values of η at the MPOD and p at 
the MEF, and Tin,η and Tin,p are the optimal values of Tin at the MEF and 
MPOD. When Tin = 800K ≡ Tin,η, the system attains its MEF, i.e., ηmax =
36.2%. When Tin = 840K ≡ Tin,p, the system attains its MPOD, i.e., 
pmax = 41.2 × 103 W/m2. The optimal region of Tin can be determined by 
Tin,ηmax ≤Tin ≤ Tin,pmax , (12)  
and the optimal regions of η and p are then re-expressed as 
ηpmax ≤ η ≤ ηmax, (13)  
pηmax ≤ p ≤ pmax. (14) 
It is noteworthy that both the efficiency and the POD are capable of 
achieving considerable values when Tin satisfies Eq. (12). The optimal 
range of Tin isn’t large and special attention should be paid to this 
problem in the design of two-stage Na-TECs. 
When the two-stage Na-TEC is operated at the optimal states, which 
are in the ranges satisfied by Eqs. (13) and (14), the optimum values of 
TC, A1/A2, J1, J2, D1, and D2, which are represented by TC,ηmax and TC,pmax , 
(A1/A2)ηmax and (A1/A2)pmax , J1,ηmax and J1,pmax , J2,ηmax and J2,pmax ,D1,ηmax and 
D1,pmax , D2,ηmax and D2,pmax , are closely dependent on Tin, as shown in Fig. 5. 
TC,ηmax , (A1/A2)ηmax , J1,ηmax , J2,ηmax , and D2,ηmax are obviously different from 
TC,pmax , (A1/A2)pmax , J1,pmax , J2,pmax , and D2,pmax . The shaded regions between 
the red lines and the blue dash dot dots are the optimized regions of TC, 
A1/A2, J1, J2, and D2, which are determined by. 
TC,ηmax ≤ TC ≤ TC,pmax , (15)  
(A1/A2)pmax ≤A1
/
A2 ≤ (A1/A2)ηmax , (16)  
J1,ηmax ≤ J1 ≤ J1,pmax , (17)  
J2,ηmax ≤ J1 ≤ J2,pmax , (18)  
and 
D2,pmax ≤D2 ≤ D2,ηmax , (19)  
as shown in Fig. 5(a–d) and (f), respectively. It is clearly seen from Eq. 
(2) that D1 depends only on Tin and TH. For the given values of Tin and 
TH, D1 is a determinate quantity, which is independent of the state of the 
MEF or MPOD, so that D1,ηmax and D1,pmax are the same, as indicated in 
Fig. 5(e). 
5. Results and comparison with previous works 
When Tin = TH or Tin = TC, one can obtain the expressions of the 
efficiency η and power output P of a single Na-TEC (see Appendix A), i.e. 
[18]  
and 
Fig. 2. (a) η and (b) p as functions of J1 and D2 at Tin = 800 K.  
Fig. 3. (a) η and p as functions of J1 and (b) the curve of p versus η at Tin = 800 K, where D2 has been optimized.  
Fig. 4. η and p as functions of Tin, where J1 and D2 are such that it optimizes 
efficiency and POD. 
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ln[1+ psat(TH)μD / (RTH)] − Vac − VR
]
, (21) 
By using Eqs. (5), (6), (20) and (21), we can plot the optimized curves 
of the efficiency versus the POD of a two-stage Na-TEC and a single Na- 
TEC operating at the same temperature span, as indicated by Fig. 6. As 
can be observed, the optimized performance of a two-stage Na-TEC is 
better than that of a single Na-TEC. The MEF and MPOD of a two-stage 
Na-TEC are 36.2% and 41.2 × 103 W/m2, while the MEF and MPOD of a 
single Na-TEC are only 30.8% and 29.3 × 103 W/m2 [18]. The MEF and 
MPOD of the former increase 17.5% and 40.6% compared with those of 
the latter. Besides, the MEF of the two-stage Na-TEC mentioned here 
increase 34.1% and 24.8% compared with the MEFs 27.0% and 29.0% of 
two-stage Na-TECs reported in Refs. [9,23]. This shows that the per-
formance of two-stage Na-TECs can be largely improved through the 
optimum design. Two additional comments on the comparison of 
different results are in order at this point. 
Firstly, the comparison between operation of the single- and dual- 
stage Na-TEC can be done mainly under two different conditions: at 
the same temperature of the external reservoirs, on one side, and a fixed 
heat input and a fixed hot-side temperature, on the other side. In the case 
of the same extreme temperatures a comparison is presented in Fig. 6 
(inner curve) where it is appreciated clearly as the loop-like of density 
power versus efficiency is the same but in the single stage case both 
efficiency as power density have significant smaller values (29.3 × 103 
W/m2 and 30.8%) compared with those obtained in the two-stage case 
(41.2 × 103 W/m2 and 36.2%). Under different temperatures ranges 
results may significantly differ. For instance, in Ref. [18] values for a 
single AMTEC with high temperature of 1170 K and the optimized 
values were found to be around 7000 W/m2 and 23% for maximum 
power density and efficiency, respectively, although small variations 






















, (20)   
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can be produced depending on the remainder parameter being opti-
mized (current density or thickness of BASE). 
Secondly, it should be noted that a proper comparison of the values 
for power output and efficiency here presented with those of previous 
two-stage works [9,23] is not straightforward, both for the different 
theoretical point of view and for the mathematical methods. In Ref. [23] 
the reported maximum efficiency was 29% (with 4500 A/m2 < J1 <
5500 A/m2) and a maximum power output of 125 W. In that case con-
duction bypass through the Na-TEC liquid-return path, corrugated ge-
ometries with radiation shields were considered by a mathematical 
finite-element model. In Refs. [9] the MEF reported is 27% at Tin 
around 775 K with J1 = 3500 A/m2 and A1/A2 = 0.5 while maximum 
power density is monotonically increasing with Tin, obtaining a value 
around 2000 W/m2 at Tin = 1050 K. For that case, values Tevap = 1150 K 
and Tcond = 550 K were considered and the model was based on nu-
merical simulations for the conduction heat transfer through the walls 
and the capillary wick of the device, plus radiative heat transfer from the 
cathode to the condenser, where the parasitic losses are proportional to 
the temperature dependence between the evaporator and the condenser. 
Here, POD and MEF states are achieved at intermediate temperatures Tin 
of 840 K and 800 K, respectively (see Fig. 4) allowing to establish upper 
and lower bounds for optimum values. In particular, the MEF is found at 
800 K with J1 around 10000 A/m2 (see Fig. 5c) and A1/A2 value around 
0.16 (see Fig. 5b), but now TH = 1300 K and TC is also an optimized 
parameter with values around 620 K (see Fig. 5a). The maximum POD is 
found around 40 kW/m2 at Tin = 840 K and displaying values somewhat 
higher for J1 and TC but smaller for A1/A2. Notice that the definition of 
POD differs from the one considered by Limia et al. [9], defined as P/
(A1 + A2), meanwhile in the present case it is defined as P/ A1. Above 
considerations point out that the main difference between both ap-
proaches could be a consequence from the optimization scheme rather 
than from a structural design. For instance, in Ref. [9] a monotonous 
increasing power density (with respect to the intermediate temperature) 
is reported while the efficiency exhibits a parabolic-like behaviour with 
a well-defined maximum around 750 K. This feature differs from the 
present case (see Fig. 4) where a parabolic-like behaviour is displayed 
for both power density and efficiency. Thus, the parametrization of 
power versus efficiency (through elimination of Tin) produce the 
loop-like behaviour in Fig. 6, which sometimes is considered as a 
signature for the performance of real heat devices. 
6. Multi-parametric and multi-objective optimization 
predictions 
The parametric optimization of the single objective function like the 
efficiency or the POD of the two-stage Na-TEC has been obtained by 
using three independent variables J1, Tin, and D2 (directly linked to TC). 
Herein, Pareto front [28–30] displays the best compromise among 
desirable quantities where a further improvement in one function in-
volves the degrading of the rest, which is based on numerical 
multi-parametric and multi-objective optimization methods. The results 
obtained are shown in Fig. 6. A global optimization involving the 
simultaneous optimization of three independent parameters (J1, Tin, and 
TC) and two objective functions POD and efficiency could be realized. 
Reasonable values for J1, Tin, and TC are such that 800K ≤ Tin ≤ 1300K, 
400K ≤ TC ≤ 800K, and η, η1, η2, P, P1, and P2 are all positive quantities. 
Simultaneously, the multi-objective optimization is completed for the 
three configurations including the overall system, the first-stage 
Na-TEC, and the second-stage Na-TEC with the purpose of comparing 
the optimization of them. The physical variable space is displayed in 
Fig. 7(a). A random search in the physical region produces a first gen-
eration of points in the η̃p space which are mapped into the energetic 
space depicted in Fig. 7(b) for the isolated second-stage Na-TEC, isolated 
first-stage Na-TEC, and the two-stage Na- TEC system. 
It is worth noting that it is impossible to obtain an optimum 
configuration for POD and efficiency in the isolated second-stage system 
because of the limited range of J1 . This is a straightforward consequence 
of the current continuity J1A1 = J2A2 joined to the cut-off current J1 (see 
Fig. 3(a)). Both features impose constraints on J2 which prevent the 
optimum configuration of the isolated second-stage system. 
In the case of isolated configuration of the first-stage Na-TEC, there is 
a clear compromise region between the MPOD and the MEF operation 
regimes. Besides, the space of parameters in Fig. 7(a) indicates a pref-
erence for temperature Tin ≈ 800 K which allows to obtain the MEF and 
MPOD for the first-stage Na-TEC; additionally, in a slender range for the 
Tin values it can be observed a noticeable improvement in both the ef-
ficiency and POD of the whole system, in agreement with the result 
exhibited in Fig. 4. It is indicated that the first-stage design should be 
modified with a small variation not to operate in its optimum configu-
ration, leading to an obvious improvement of the overall system per-
formance; raising the POD up to almost 41.4% and the MEF up to almost 
29.1%, as shown in Fig. 7(b). 
7. Conclusions and perspectives 
A novel axisymmetric two-stage Na-TEC system including the main 
losses has been displayed. The matching problem between the first and 
second stages has been addressed with some outstanding results that can 
be beneficial for the development of high-performance duel-stage Na- 
TEC systems. Several significant results are listed: 
(i)The specific impact of key parameters including the BASE area 
ratio of the first stage to the second stage, the intermediate plenum 
temperature, the thickness of the electrolyte of the second stage, and 
the current density of the first stage have been discussed. Accord-
ingly, the optimum selective criteria of these parameters leading to 
optimized upper and lower bounds of the POD and efficiency have 
been identified and analysed. Special emphasis has been paid on the 
calculated the optimized parameters and the optimal intermediate 
temperatures. These last values define a quite narrow interval in 
between which the power output density and thermal efficiency of 
the overall device get their respective maximum values. This point 
could be of some importance from a design point of view.  
(ii) The energetic performance of the duel-stage Na-TEC system is 
better than that of the single Na-TEC, as it can be checked in the 
loop-like behaviour of POD versus efficiency for both configura-
tions. Herein, the MEF and MPOD of the duel-stage Na-TEC in-
crease about 17.5% and 40.6% compared with those of the single 
Na-TEC. The energetic advantages of the present system are more 
obvious than those of other duel-stage systems. Specifically, the 
MEF of the two-stage Na-TEC increase 34.1% and 24.8% 
compared with those of two-stage Na-TECs reported in Refs. [9, 
Fig. 6. The optimized curves of efficiency versus the POD for a two-stage Na- 
TEC and a single Na-TEC operating at the same temperature span. 
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23]. Thus, a two-stage Na-TEC can be chosen for applications 
requiring high-performance.  
(iii) The multi-parametric and multi-objective optimization analysis 
on the basis of the Pareto front and physically available space of 
states indicate that the configuration of optimum performance for 
the first stage system matches partially that for the two-stage 
system; this feature is endorsed by previous results. The differ-
ences between the optimum behaviors for collective and indi-
vidual systems could be explained on the basis of linear 
irreversible thermodynamics [24,25] framework. See detail 
below. 
The study displayed here is subject to a further extension to take into 
account various heat and fuel sources such as the external combustion, 
the nuclear reactor, the waste heat, or concentrated solar, in order to 
guide the design of more efficient and sustainable Na-TECs. Finally, it 
should be mentioned that the perspective of designing multi-step TEC 
beyond the two-stage model were presented [9,22]. At least theoreti-
cally, there exists linear irreversible thermodynamics models for arrays 
of coupled heat engines working between arbitrary temperature differ-
ences. A characteristic feature of these models is a control parameter 
which may select different operation regimes for the whole array 
without imposing the same operation regime to every engine in the 
array [24,25]. In other words, the selected intermediate temperatures 
could affect the more efficient operation regime in each case for both the 
collective and individual behaviours. Another notable feature is that 
these models are amenable to describe the corresponding refrigeration 
systems [25]. All together open novel perspectives to analyse multi-step 
TEC energy systems where the bridge between the individual and col-
lective behaviours depends on specific set of transport coefficients and 
the temperature profile, thus allowing a unified thermodynamic 
description of TECs. 
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the Reviewers for their valuable suggestions.  
Appendix A 
When Tin = TH, one can delete constraint equations (7) and (8) and get J1 = 0, D1 = 0, η1 = 0, and p1 = 0, i.e., the first-stage is disappeared. Eqs. 
































When Tin = TC, one can delete constraint equations (7) and (8) and get J2 = 0, D2 = 0, η2 = 0, and p2 = 0, i.e., there does not exist the second- 
stage. Eqs. (5) and (6) can be written as 
Fig. 7. (a) Parameter space bounded by the depicted surface indicating the region of physical interest. All possible physical configurations including the first-stage, 
the second-stage, and the whole system are depicted. (b) Pareto front is shown by energetic representation in the η̃p space. 
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Obviously, Eqs. (A1)and (A2) exactly equal Eqs. (A3) and (A4), which represent the efficiency and power output of a single Na-TEC. For the sake of 
simplicity, subscript 2 in Eqs. (A1) and (A2) or subscript 1 in Eqs. (A3) and (A4) may be deleted so that Eqs. (20) and (21) are directly obtained from 
the above equations. 
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